An electronic differential analyzer capable of solving ordinary differential equations of orders through the sixth, both linear and nonlinear, is described. This analyzer has a high speed of operation and is extremely flexible with regard to equation parameters and initial conditions. This flexibility permits rapid investigation of wide ranges of equation solutions with regard to periodicity, instability, and discontinuities. It renders practicable the solution of endpoint boundary-value problems, that is, problems in which the final rather than initial values are specified. 
It is important to realize that the main advantage of the high speed of this analyzer is that it permits rapid exploration of a wide range of solutions. In a fundamental way this is perhaps the most significant advantage of the electronic analyzer over other differential analyzers.
There are many important problems involving the solution of a differential equation in which the crux of the matter is to find the initial conditions for which the solutions (a) are stable, or periodic, or continuous, or (b) satisfy certain specified final conditions. Such problems frequently require exploration of 1000 different solutions (e.g., 10 values for each of three parameters) and might well represent a prohibitive investment of time on a slow differential analyzer which requires several minutes for each solution; on the present electronic analyzer such an exploration can be carried out in an hour or two. An example of this sort (the solution of the equation d 3 y/dt 3 -y(t -to)/4=0 over the range 0 t t t o for specified final conditions) is given in Section V, page 36.
For problems of this type, the usefulness of the electronic analyzer actually surpasses that of the more elaborate and accurate, but slower, mechanical differential analyzers.
II. THE ELECTRONIC DIFFERENTIAL ANALYZER SYSTEM
A.
Necessary Basic Computing Elements
The electrohlic differential analyzer described here* is of the continuous-variable type, utilizing the basic feedback principle which was first 
B. Solution Display
The electronic differential analyzer presents its solutions on a cathode-ray oscilloscope. Usually the solution is plotted against time, in which case a periodic voltage varying linearly with time (a saw-tooth wave)
is applied to the horizontal deflecting system,and the voltage corresponding to the desired solution in the differential analyzer setup is applied to the vertical deflecting system. Sometimes the solution is plotted against a time-dependent variable; in this case the suitable time-dependent voltage is applied to the horizontal plates.
C. Repetition Rate
In order that the solution displayed on the cathode-ray-tube face appear as a stationary curve to the observer's eye, it is necessary that the solutions traced on the screen be repeated at a reasonably high rate. If the cathode-ray tube employs the common P-l phosphor, this repetition rate should be at least 30 per second. If one of the more persistent screens, such as the P-7 phosphor, were used, a repetition rate as low as 1 cps might be employed . In the differential analyzer described here the repetition rate is 60 cps, permitting use of the a-c power mains as a standard source of synchronizing signals.
D. Sequence of Operation
For the repetition rate employed, sixty new solutions are thus presented every second, superimposed one upon the other on the face of the output cathode-ray tube. In order that this display appear as a single line on the * Component limitations at high and low frequencies introduce errors into solutions obtained on an electronic differential analyzer. The choice of repetition rate is a compromise; a high repetition rate requires excellent high-frequency response ror all analyzer components while a low repetition rate imposes stringent low-frequency response requirements. output screen, it is necessary that each solution be identical with its pre- 
III. COMPUTING ELEMENTS
The differential analyzer system outlined in Section II requires two new elements, an electronic multiplier and an electronic function generator; it also requires a switching or gating scheme for the time-integrating and adding circuits. The details of some of the computing elements are discussed in this section. Section IV considers the principal sources of error encountered in this electronic differential analyzer. Some of the results achieved with the complete differential analyzer are described in Section V.
The reader who is not interested in the constructional details of the electronic differential analyzer can omit Sections III and IV without loss of continuity.
A. Multiplier
It was necessary to develop a new multiplying circuit for the electronic differential analyzer because, although considerable work had been done on electronic multiplication, none of the existing multiplying circuits appeared to satisfy the requirements of four-quadrant operation together with the necessary high speed of response (5)(6)(7)(8). Four-quadrant operation permits handling of inputs of both algebraic signs. For the present electronic differential analyzer, the on-time is 8,300 microseconds, as indicated in Figure 2 . Lack of speed in that channel of the multiplier which is connected into the differential-analyzer feedback loop can lead to serious errors, as discussed in Section IV-D. A rise time of about 5 microseconds -7-
has been found adequate for most problems considered. Now suppose there is a potential, E 3 , between the x-plates. In the region a-a' there is a force, F , acting on the electrons in the x-direcxe tion, due to the electrostatic field between the x-deflecting plates,
where e = the electron charge, 1.60 x 10 19 coulombs, and the electrostatic field between the x-deflecting plates due to x the impressed voltage E 3.
I xi

(7)
If an axial magnetic field, kBz, is also present in the region a-a' (generated, for example, by a coil so wound as to have its axis of symmetry coincident with the z-axis of the cathode-ray tube), there is an additional force, F, exerted on the electron beam,
where the x denotes vector cross product. This axial magnetic field is conveniently generated by a coil wound with its axis of symmetry coincident with the x-axis of the cathode-ray tube; then for a coil current 12 B oCI (9) z 2 An important point is that the vector Fm points in the x-direction.
The speed vy is proportional to E 1 , and the coil current 12 can be made proportional to some other external voltage E 2 ; then one finds from Eqs. (4) (8) and (9) that xmOC 1'E2 '(10) Equations (6) and (8) show that in the region a-a' of Figure 5 there are two forces F and F acting on the electron beam in the x-direction xe xm because of the crossed electric and magnetic fields.
If some means is available to make these two forces equal and opposite, then
and from Eqs. (7) and (10) one finds that E3 = k(El E2) (12) the voltage E 3 is thus proportional to the product' of the two input voltages E and E 1 2 In the arrangement described above, the only forces acting to deflect the electron beam in the x-direction are those in the region a-a'. If these forces add p to zero, there is no x-deflection of the electron beam.
-9-
This fact can be used to bring about the desired equality of the forces Fxe and -F , as indicated in Figure 6 .
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Fig .6 Crossed-fields electron-beam multiplier.
At the face of the cathode-ray-tube screen, two photocells, V 1 and V2, are located. Between these photocells a vertical partition is placed coincident with the y-axis of the cathode-ray tube. If no x-forces act on the electron beam, it will strike somewhere along the edge of this partition. The outputs of the two photocells are subtracted and fed to an amplifier which is connected to the electrostatic x-deflecting plates. For no x-deflection, the outputs of the two photocells are equal and opposite, so that there is no voltage E . This is the case when the magnetic force is zero, that is, when either B or v is zero. If both B and v xm z y z are non-zero, there is a magnetic force; and the electron beam is deflected to the right or left of the partition on the output screen, depending upon the relative signs of the two inputs E and E . Such a motion of the electron 1 2 beam results in increased output for one photocell and decreased output from the other. The difference of these outputs is fed back to the electrostatic plates as E 3 with the proper phase to oppose the magnetic force. If the gain around the feedback loop is made sufficiently large, the feedback voltage is proportional to the magnetic force and thus to the product
The magnitude of the magnetic force F is proportional to the product of E 1 and E2, and the force changes direction when either E 1 or E2 change sign; therefore, four-quadrant multiplication is obtained. is considerably slower, being about 80 microseconds. This could be improved, if required, by redesigning the amplifier supplying current to the magnetic field coil.
An important feature of a multiplier is its usable dynamic range. This is controlled in a four-quadrant multiplier by the zero balances. These zero balances limit the degree to which the multiplier output is zero when one input is zero and the other maximum. The experimentally observed balance characteristic of the crossed-fields multiplier is
where E 1 is the input controlling the y-deflection, normalized to a maximum value of unity, and E 2 is the voltage controlling the coil current, normalized to a maximum value of unity. The residual output observed when E2= 0 is caused by (a) stray magnetic fields and (b) lack of exact coincidence between the partition in Figure 6 and the zero x-deflection line on the cathode-ray-tube face. Better magnetic shielding, together with more accurate positioning of the photocell pickup unit, would probably reduce this output by a factor of ten.
The residual output observed for El= 0 appears to be caused primarily by defocusing effects when the magnetic field B z is large. The limitation on the magnitude of the output voltage is the point at which the electron beam strikes the x-deflecting plates. The nonlinear distortion of this multiplier with a steady sinusoidal signal on the input is less than 2 per cent at the maximum output. Figure 7 is an oscilloscope photograph of the multiplier output when -11-*This nonlinearity could be removed by replacing the partition shown in Figure b with a strip of photographic film having a density varying from complete opacity along the center line to transparency along the eges of the cathode-ray-tube screen.
the inputs are two sinusoidal signals having frequencies of 60 and 480 cps respectively.
E31
Fig .7 Output of the crossedfields electron-beam multiplier versus time; E 1 is a 480-cps sinusoidal voltage and E 2 a 60-cps sinusoidal voltage.
Modification of the Crossed-Fields Multiplier for Division
The crossed-fields multiplier can be modified to perform the operation of division, without the use of any additional computing components.
If the amplified output from the pickup photocells is applied to the vertical rather than to the horizontal plates of the cathode-ray tube ( 
the voltage E 1 is thus proportional to the quotient of the two input voltages E 2 and E 3
E. Arbitrary Function Generator
To generate an arbitrary function, the mechanical differential analyzers utilize an input table. The desired function is drawn on a table and an operator manually tracks this curve with a cross-hair as the machine moves.
For the electronic differential analyzer described here, this tracking procedure must be performed automatically and at very high speeds.
The function generator used in this electronic differential analyzer is shown in Figure 8 . This circuit was developed by the author in the summer of 1947. It has been described independently by other investigators in this country and England (9)(10)(11).
As Figure 8 shows, the arbitrary function is cut out of some opaque material in the form of a mask. This mask is placed across the face of the If the electron beam is now moved in a horizontal direction by a voltage applied to the horizontal deflecting system, the beam is constrained to follow the silhouetted function mask at every point. Because the horizontal position of the electron beam and the input to the horizontal deflecting amplifier are proportional, the output of the feedback loop is the plotted function of the input voltage.
F. Measured Characteristics of Arbitrary Function Generator
The measured characteristics of the arbitrary function generator used in this electronic differential analyzer are tabulated below: 
(b)
I t * The cathode-ray tube utilized in both the crossed-fields multiplier and the arbitrary-function enerator described here is the type 5LP11. The P-ll screen has proved to have a sufficiently short persistence for problems encountered to date on the electronic differential analyzer. If a faster response were required a cathode-ray tube with the P-5 screen might be These basic circuits have been employed extensively for those specialized differential analyzers known as simulators (12)(13)(14)(15).
The circuits of Figure 10 are usually built around high-gain d-c coupled amplifiers which suffer from drift and warm-up problems. To avoid these problems, a-c coupled amplifiers are employed in this differential analyzer. Since the repetition rate of the analyzer is 60 cps, the amplifiers must be capable of passing a 60-cps square wave. The amount of 'droop' which can be tolerated in this square-wave response is determined by the accuracy requirements established for the differential analyzer. 
the constants C, 9 are determined by the initial conditions.
-18- Since the jitter is 10 per cent, the variability in the initial value is about 0.4 millivolts. The maximum output level for this electronic differential analyzer is 25 volts; this shows that the initial conditions are precise to within 0.002 per cent of the maximum output level. With a more usual initial value of 1 volt the precision is 0.04 per cent. Precision of the differential analyzer is important in the solution of nonlinear equations. Exploration of the regions between stable and unstable solutions requires extreme precision. An example of such a situation is the solution of the differential equation for a physical pendulum; in stable operation the pendulum oscillates back and forth,while for unstable operation the pendulum rotates. In the critical transition case the pendulum just balances, in a position of unstable equilibrium. The degree to which one can determine this transitional case on the differential analyzer is limited by the precision of operation.
Another situation which requires utmost precision occurs in determining a particular solution of a differential equation. Such a situation is encountered, for example, in the equation 
2
If it is desired to examine only the first term of this solution, it is necessary to choose those initial values in the differential equation which make C 2 zero. The precision with which this adjustment can be made limits the range over which the particular solution -t y= Cle (21) can be observed, since the second, undesired, solution will, for large t, always mask the desired solution.
The principal factors limiting precision in the present electronic
differential analyzer are white noise and microphonics in the various units.
The output noise varies between 0.4 and 10 millivolts in the computing elements. By improving power supplies, shock mounting, etc., the precision could be improved by another factor of ten.
In order to obtain a good qualitative picture of the nature of the unknown solutions of a given differential equation with regard to instability, periodicity, discontinuities, etc., the important requirement on the differential analyzer is that of precision, rather than calibration accuracy. In this respect the present electronic differential analyzer is very satisfactory; for many engineering and physical applications the resulting qualitative information alone is of the greatest value.
C. Errors Due to Frequency and Time Limitations of Components
The The general ordinary differential Equation (1) An experimental check on errors due to the finite bandwidths can always be made by changing the scale factor of the equation being solved.
This will change the values of the equation coefficients An 1 l/An -21-*It will be noted that it should be possible to build an integrator with a perfect high-frequency response, since no gain-bandwidth limitations will be violated y such a unit. and the characteristic roots sn, but the value of A f will remain constant; therefore the error e n will change value. If no change in the character of the solution is observable when the scale-factor is changed, then the errors e are negligible. n As an illustration, these results will be applied to the differential equation for an undamped sine wave 2 + oy = (27) ( 27) dt This equation has the characteristic roots S1 = +jW°, For the present differential analyzer, the solution period T is 1/120 second (see Fig.2 ). If one wishes to solve Eq.(27) for f = 600 cps (for this frequency, five complete cycles of the solution are displayed on the cathode-ray-tube screen), the adder bandwidth must be This analysis of the influence of the adder bandwidth upon the solutions of the differential equations has been verified experimentally on the electronic differential analyzer.
E. Limitation at Low Frequencies
The principle limitation at low-frequencies is encountered in the integrating units. If the integrator of Figure 10 
The setup for solving this pair of simultaneous differential equations on the electronic differential analyzer is given in the block diagram of Figure 14 . (In this and subsequent figures, the dot notation will be used for time derivatives. Thus, for example, the symbols I and I will denote dI/dt and d2I/dt2.) The solid lines in this setup indicate the connections necessary to solve either of the differential equations individually without the mutual coupling term. Around these two loops appear all the dependent variables occuring in Eqs. (41) and (42). In order to solve these simultaneous equations, it is necessary only to interconnect these two loops as required by the mutual terms in the differential equations. These interconnections are shown as dotted lines in Figure 14 . With these connections the setup of Figure 14 solves the equations 
the desired solutions are obtained. There are also maximum permissible values of the integrator constants kl,k 2 ,k 6 , and k , set by the finite gain of the amplifiers as indicated in Section IV, Eq.( 0). A practical procedure in setting up such a system of equations is to start by assuming that these constants have their maximum permissible values. This gives four additional constraints on the k's and permits the determination of all constants uniquely from Eqs.(45) through (50). If, for one reason or another, the resulting k's are either extremely large or extremely small, a change in scale factor is usually indicated. It will be noticed that in the arrangement of Figure 14 the integrators in the upper and lower right-hand corners have been modified slightly. With this modification, the output of the unit is the integral plus a fraction of the input as indicated. This is a simple scheme to save an amplifying unit, as shown in Figure 15 . Both circuits of Figure 15 form the integral of the input plus a fraction of the input. The circuit to the left has the advantage of requiring one less amplifier. It has the disadvantage that changing k independently of the other constants requires changing the resistor R 2 , which is inside a feedback loop. In the second circuit, all constants can be varied by potentiometers at the input terminals of the various units without disturbing the feedback loops. For the higher-order differential equations, where the number of computing units required may become ery high, the circuit at the left and similar devices are very useful.
Some typical solutions of Eqs. (41) and (42) as observed on the electronic differential analyzer are shown in Figures 16 and 17 . Figure 16 is a double-exposure photograph showing the primary and secondary currents as a function of time for the nondissipative case (R 1 = R 2 = O). The illuminated scale in the photograph is ruled on an illuminated graticule placed over the output cathode-ray-tube screen. Figure 17 is another double-exposure record of the primary and secondary currents versus time in the more general case of dissipation in both the primary and secondary.
It is clear that these solutions of two simultaneous differential equations are equivalent to the solution of a single fourth-order differential equation. Differential equations of orders higher than the sixth have I R 6 I kg k2 Fig.15 Two equivalent computing circuits.
-27- of considerable interest to electrical engineers is discussed below.
-klI 
one obtains for the differential equation describing the behavior of the current in this circuit the relation:
-29-
This physical situation has been of considerable interest in connection with the generation of acoustic warble tones since the time of Helmholtz and Rayleigh and, more recently, has been studied in connection with frequency modulation (20) . If <<1 and wm<<wo (where w 2 = 1/LoCo), Eq. (54) corresponds to a typical frequency-modulated broadcast oscillator, as commercially employed. The new setup is shown in Figure 23 . Division is performed as shown in (19) . Figure 21 shows the differential-analyzer generation of the Mathieu function ce 2 (t). Figure 22 shows the calculated solution for this case as taken from Jahnke and Emde (23). showing I, -, and I versus t. Another solution display, which is of great interest to the mathematician and engineer, is the "phase-space" plot, which is a plot of velocity versus displacement (24) . Such a plot is easily obtained on the electronic differential analyzer by connecting the vertical deflecting system of the viewing oscilloscope to Point (1) and the horizontal input to Point (2) of Figure 26 . A phase-space plot for the Van der Pol equation is shown in Figure 28 . The build-up to the steady-state "limit cycle" is clearly shown by this photograph. For the engineer, the shape of this limit cycle is useful in determining the steady-state waveform of the oscillator. If the steady-state oscillation were exactly sinusoidal, the limit cycle would be exactly circular.
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To obtain the low-Q solution, in which the oscillation very rapidly reaches its steady state, it is necessary merely to increase the adder gain on the inputs connected through R 5 and R 6 shown in Figure 26 . By decreasing the gain at R3 at the same time, the number of solution cycles of the display is reduced, so that the details of the initial rapid build-up for this case can be clearly seen. A typical low-Q solution is plotted versus time in Figure 29 . The corresponding phase-space plot, with a now-much-distorted limit cycle, is shown in Figure 30 .
It should be emphasized that the time necessary to shift between these two widely different solutions of Figures 27 and 29 on the electronic differential analyzer is merely the time necessary to adjust two or three knobs.
One can, for example, explore in a very short period the solutions existing for the entire range between the two cases shown. If no record of the solutions is made, such an exploration takes the operator a matter of minutes;
if photographic records are required, it is possible to obtain such recorded solutions at the rate of two or three per minute. _______ _ --------·--C"-^------`l -·"--c·------s__llr
